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ABSTRACT

A method is proposed for estimating the probability density function (PDF) of the

individual bioequivalence metric. We show that under the usual assumption of

independence of the various random variables, the computations are quite feasible.

A program to evaluate the integrals needed for the computations has been written.

Experimentation with this program shows that the pass/fail decision based on the

computed PDF compares favorably with that based on the method suggested in a

recent FDA Guidance (Jan. 2001).
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INTRODUCTION

The Office of Generic Drugs (OGD) of the Food
and Drug Administration (FDA) has recently pub-
lished statistical guidelines for determination of bio-
equivalence.[1] Included in that publication is a
statistical approach to determining individual bioequi-
valence (IBE), as recommended by Hyslop, et al.[2]

In this paper, we describe an alternative approach.

We determine the probability density function (PDF)
of the IBEmetric and use it to construct a decision rule
for acceptance. The current FDA acceptance criterion
for the upper 95% confidence limit for the metric is
defined as 2.4948.[1] We show the derivation here for
the reference-scaled metric. However, with minor
modifications, our approach is also applicable to the
constant-scaled denominatormetric and to population
bioequivalence described in the FDA Guidance.[1]
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The reference-scaled metric is defined as

� ¼ ½ð�1 � �rÞ
2
þ �2

d þ �2
t � �2

r �=�
2
r ð1Þ

or, equivalently as

� ¼ ð�t � �rÞ
2
þ �2

d þ �2
t

� �
=�2

r � 1 ð2Þ

Here, �t is the mean of the pharmacokinetic param-
eter for the test product; �r is the mean of the
pharmacokinetic parameter for the reference prod-
uct; �2

d ¼ subject-product interaction variance; �2
t ¼

within-subject test variance; �2
r ¼ within-subject

reference variance.
For a four-period replicate design as described by

Hyslop et al.[2] and in the FDA Guidance,[1] we can
also define Eq. (3)

�2
i ¼ �2

d þ 0:5�2
t þ 0:5�2

r ð3Þ

where �2
i is the variance of ð�t � �rÞ

Combining Eqs. (2) and (3),

� ¼ ½ð�t � �rÞ
2
þ �2

i þ 0:5�2
t �=�

2
r � 1:5 ð4Þ

The parameter estimates, Xt Xr, S
2
i , S

2
t , and S2

r , are
computed using a mixed-effects linear model as
described in the FDA Guidance.[1,3]

At an earlier stage in its development, a boot-
strap approach was used to estimate the upper
confidence limit for �. This approach was time con-
suming and not exactly reproducible. The analysis in
the recent guidance is approximate, has reasonably
good properties,[1,2] and is relatively simple to calcu-
late. It appears to agree well with the results of the
bootstrap simulation approach.

This brief communication gives a more direct
approach to estimating the upper confidence limit
for �. The idea is to derive the PDF of the metric
�. Once the PDF is known, the cumulative probabil-
ity distribution function (CDF), the upper 95% con-
fidence limit, as well as other parameters of interest
can be easily determined.

DERIVATION AND RESULTS

In principle, the PDF of � can be determined if
the joint distribution of the random variables
Xt,Xr,S

2
i ,S

2
t , and S2

r is known. In general, this
would be a formidable task. However, under the
usual assumption of statistical independence of
these variables,[2] it is quite feasible to compute the
PDF of �. We will make the further assumption that
the random variables Xt and Xr are Gaussian and
that the variances, S2

i ,S
2
t , and S2

r , are distributed as

�2�2
df=df, where df is the appropriate degrees of free-

dom. With these assumptions, which are similar to
those made by Hyslop et al.,[2] the PDF of � can be
derived as shown below. In the derivation, we have
used the formulae for computing the PDF of the sum
of two independent variables and the PDF of the
ratio of two independent variables. These may be
found in Ref.[4]

For ease of notation, define the following
random variables:

Y ¼ ðXt � XrÞ
2

Z ¼ S2
i

U ¼ 0:5 S2
t

V ¼ S2
r

In terms of these, define further the intermediate
variables:

W ¼ Y þ Z

G ¼ W þU

The metric may then be expressed as

� ¼
G

V
� 1:5

Since Xt and Xr are both Gaussian, their difference is
also Gaussian. Let the mean and standard deviation
of ( Xt � Xr) be � and �, respectively. Then the PDF
of Y, p(y), is given by

pð yÞ ¼
1

�
ffiffiffiffiffiffi
2�

p exp �
yþ �2

2�2

 !
1ffiffiffi
y

p cos h
�

ffiffiffi
y

p

�2

� �
,

for y 	 0 ð5Þ

Equation (5) is derived in Appendix 1.
Returning now to the derivation of a(m), let q(z)

be the PDF of Z. Since Y and Z are independent, the
PDF of W, r(w), is given by the convolution of p(y)
and q(z). Thus

rðwÞ ¼

Z w

0

pð yÞqðw� yÞ dy

Similarly, if s(u) is the PDF of U, then the PDF of the
variable G, f(g), is given by

f ðgÞ ¼

Z g

0

rðwÞsðg� wÞ dw

Finally, let a(m) be the PDF of �. If t(v) is the PDF of
V, then

aðmÞ ¼

Z 1

0

vtðvÞ f ½ðmþ 1:5Þv� dv ð6Þ

The derivation of Eq. (6) is shown in Appendix 2.
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A program was written in MATLAB[5] to evalu-
ate a(m) using numerical integration to compute the
various integrals in the above derivation. The pro-
gram code is shown in Appendix 3. (With a personal
computer, the computation is complete in less than
10 sec. The code will be e-mailed to readers upon
request at bolton@acninc.net.) If the parameters
defining the distributions of Xt, Xr, etc., were
known, this would be an exact solution. In the absence
of such knowledge, an approximate solution is
obtained by using the observed values of the means
and variances as the parameter values. Clearly, this
solution would approach the exact solution with
large sample sizes. With the sample sizes usually
used in BE studies, n 	12, we expect that the solution
should be reasonably good. A preliminary spot check
of the results and decisions comparing our approach
to that of Hyslop et al.[2] is shown in Table 1.
Examples are shown where the decisions are border-
line, and the agreement for passing and failing is good.
When the pass/fail decision is obvious in either direc-
tion, there should be 100% agreement based on the
close agreement when the pass/fail decision is border-
line. In general, the agreement is excellent, and it
improves with larger sample sizes as expected; both
derivations will give close to an exact solution with
large sample sizes. Figure 1 shows an example of
the cumulative distribution of � for the specified

parameter values shown. Note that the parameters
used to compare the present method to Hyslop’s
method were prespecified and not generated. Both
methods calculate a pass/fail decision based only on
an estimate of parameters, not on simulations.

We are presently investigating the effects of
sample size and parameter size on the properties of
the results obtained by our method.

Table 1. Comparison of results of proposed method to Hyslop method for assessing bioequivalence for various parameter

estimate values.

N a Mean S2
i S2

t S2
r Hyslopb Proposed methodc

122 0 0.02 0.02 0.0125 �0.0286 (P)d 1.635 (P)d

0 0.02 0.02 0.01 �0.0007 (P) 2.46 (P)

0 0.02 0.03 0.01 þ0.0046 (F) 2.79 (F)

0.2 0.12 0.12 0.065 þ0.0226 (F) 2.90 (F)

26 0.05 0.12 0.1 0.085 �0.0153 (P) 2.46 (P)

0.0 0.02 0.02 0.015 �0.0037 (P) 2.35 (P)

0.05 0.08 0.049 0.05 þ0.0060 (F) 2.625 (F)

0.2 0.12 0.12 0.095 þ0.0136 (F) 2.955 (F)

16 0.07 0.04 0.02 0.04 �0.0223 (P) 1.91 (P)

0.05 0.05 0.05 0.05 �0.0173 (P) 2.24 (P)

0.05 0.04 0.02 0.03 þ0.0022 (F) 2.845 (F)

0.05 0.03 0.02 0.02 þ0.0128 (F) 3.725 (F)

12 0 0.04 0.02 0.0475 �0.0324 (P) 1.69 (P)

0.05 0.03 0.01 0.03 �0.0087 (P) 2.295 (P)

0 0.05 0.04 0.0475 þ0.0004 (F) 2.85 (F)

0.07 0.05 0.04 0.0475 þ0.0082 (F) 3.175 (F)

aTwo sequences of equal size (N/2).
bHyslop et al. method[2] passes for negative values.
cProposed method passes for values less than 2.4948.
dP¼ pass IBE confidence limit criterion. F¼ fail IBE confidence limit criterion.

Figure 1. Cumulative distribution function estimated for

N¼ 26 (�t��r)
2
¼ 0.0025, �2

i ¼ 0.08, �2
t ¼ 0.049 and

�2
r ¼ 0.05. X axis label METRIC; Y axis label CDF.
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SUMMARY

An alternative approach to determining confi-
dence limits for the IBE metric is proposed. This
approach may have equally good or better properties
than the solution presently recommended.[1] It has the
advantage of being a more general and direct
approach to the problem, as well as defining the
PDF. The properties of this method for defining the
upper confidence limit need to be evaluated under
different conditions of sample size and parameter
estimates.

APPENDIX 1

p(y) may be derived as follows:
For brevity, define the random variable X ¼

Xt � Xr

Let g(x) denote the Gaussian PDF with mean � and
standard deviation �, i.e.,

gðxÞ ¼
1

�
ffiffiffiffiffiffi
2�

p exp �
ðx� �Þ2

2�2

 !
,

which was assumed to be the PDF of X. Then the
cumulative distribution of Y, C(y), is given by

CðyÞ ¼ ProbðY � yÞ

¼ ProbðX2
� yÞ

¼ Probð�
ffiffiffi
y

p
� X �

ffiffiffi
y

p
Þ

¼

Z ffiffi
y

p

�
ffiffi
y

p
gðxÞ dx

Now, the PDF of Y is just the derivative of C(y) with
respect to y. Hence,

Pð yÞ ¼
1ffiffiffi
y

p
gð

ffiffiffi
y

p
Þ þ gð�

ffiffiffi
y

p
Þ

2

	 


When the Gaussian function is substituted for g in
this equation, we get the PDF of Y (Eq. 5)

APPENDIX 2

The PDF of � may be derived as follows:
Let A(m) ¼ Prob(��m)
Then,

AðmÞ ¼ ProbðG � ðmþ 1:5ÞV Þ

¼

Z 1

0

dv

Z ðmþ1:5Þ�

0

tðvÞ f ðgÞ dg

Since the PDF of � is the derivative of the cumulative
distribution, we get Eq. (6), aðmÞ ¼

R1
0 vtðvÞ�

f ½ðmþ 1:5Þv� dv:

APPENDIX 3

Matlab Program to Compute

CDF of Metric

Example

Data from Replicate Design with 8
subjects
A. mean of xt–xr is the estimated
dierence between the means of Test and
Reference ¼ �0.1715
B. std err of xt–xr is the standard error
of (A) ¼ 0.295
C. si^2 is the estimated interaction
variance ¼ 0.0871
D. sr^2 is the estimated within subject
variance of the reference ¼ 0.06605
E. st^2 is the estimated within subject
variance of the test ¼ 0.0729

Matlab Program

clear
global degfree
global mean
%These variables are used to compute
chisq/df distributions
%using chidf.m
%
mtr¼�.01715 % mean of xt-xr
str¼0.295 % std err of xt-xr
msi¼0.0871 % si^2
msr¼0.06605 % sr^2
mst¼0.0729 % st^2
%mit¼msiþ.5*mst % mean of si^2 þ .5 st^2
%sit¼sqrt(ssi^2þ (.5*sst)^2)
%
%Note: si^2, sr^2 and st^2 are distribu-

ted as sig^2 chi^2/d.f
% where the degrees of freedom

are 6.
% Therefore the mean ¼ sig^2
% sig^2 is, of course, unknown. We

approximate it by the sample
% estimate
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% we need the distribution of
% [(xt-xr)^2 þ si^2 þ .5st^2 ] /

sr^2 -1.5
%prob density of (xr-xt)^2 is ptr2
%prob density of si^2 is psi
(deg of free ¼6)

%prob density of sr^2 is psr
%prob density of st^2 is pst
%prob density of si^2þ.5st^2 is pit
%prob density of denominator is pden

(¼ prob density of sr^2)
%prob density of numerator is pnum
%prob density of metric is pmetric
%
xtr2max¼0.15
xchimax¼0.4
deltr¼.00005
ntr2¼1þround(xtr2max/deltr)
nchi¼1þround(xchimax/deltr)
xtr¼linspace(0.,xtr2max,ntr2);
xchi¼linspace(0.,xchimax,nchi);
ctr¼(1/(str*sqrt(2*pi)))*

exp(-mtr^2/(2*str^2));
ptr2(1)¼2*ctr/sqrt(deltr);

for i¼2:ntr2
xdel¼xtr(i);
xsqrt¼sqrt(xdel);
ptr2(i)¼ctr*exp(-xdel/(2*str^2))*
(1/xsqrt)*cosh(mtr*xsqrt/str^2);
end
sumtr2¼deltr*ones(1,ntr2)*ptr2'
ptr2¼ptr2/sumtr2;
plot (xtr,ptr2)
title('prob density of (xt - xr)^2')
text(.03,250,'xt-xr is gaussian')
text(.03,225,['mu¼ Eq 'num2str(mtr),
', sigma¼ ', num2str(.129)])
iplot¼0

if(iplot¼¼1)
print -dwin

end
%
mean¼msi
degfree¼6
psi¼chidf(xchi);
sumpsi¼deltr*ones(1,nchi)*psi'
plot (xchi,psi)
title('prob density of si^2')
text(.3,5,['sig^2¼ 'num2str(msi)])
text(.3,4,['df ¼ 'int2str(degfree)])

if(iplot¼¼1)
print -dwin

end
mean¼msr
degfree¼6
psr¼chidf(xchi);
sumpsr¼deltr*ones(1,nchi)*psr'
plot(xchi,psr)
title('prob density of sr^2')
text(.3,8,['sig^2¼ ' num2str(msr)])
text(.3,7,['df ¼ 'int2str(degfree)])

if(iplot¼¼1)
print -dwin

end
mean¼mst*.5
degfree¼6
pst¼chidf(xchi);
sumpst¼deltr*ones(1,nchi)*pst'
plot(xchi,pst)
title('prob density of .5*st^2')
text(.3,8,['sig^2¼ 'num2str(mst)])
text(.3,7,['df ¼ 'int2str(degfree)])

if(iplot¼¼1)
print -dwin

end
%
psist¼ deltr*conv(psi,pst);
[junk,npl]¼size(psist)
xpl¼linspace(0.,2.*xchimax,npl);
plot(xpl,psist)
title('prob density of si^2þ.5st^2')
sumsist¼deltr* ones(1,npl)*psist'

if(iplot¼¼1)
print -dwin

end
pnum¼deltr*conv(psist,ptr2);
[junk,nplnum]¼size(pnum)
xnum¼linspace(0.,2.*xchimaxþ
xtr2max,nplnum);

for i¼1:nplnum
cumnum(i)¼deltr*ones(1,i)*
pnum(1:i)';

end

plot(xnum,pnum)
sumnum¼deltr*ones(1,nplnum)*pnum'
title('prob density of numerator')

if(iplot¼¼1)
print -dwin
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end
maxplot¼15.
nplot¼301
xmetric ¼ linspace(-1.5,maxplot,

nplot);
for i¼1:nplot
factor¼xmetric(i)þ1.5;
for k¼1:nchi
index¼round((factor*xnum(k)/
deltr)þ1);

if(index > nplnum)
index¼nplnum;

end
integrand(k)¼xnum(k)*
psr(k)*pnum(index);

cumint(k)¼psr(k)*cumnum(index);
end
pmetric(i)¼deltr*ones(1,nchi)*

integrand';
cumplot(i)¼deltr*ones(1,nchi)*

cumint';
end
plot(xmetric,pmetric)
title('prob density of metric')
summetric¼cumplot(nplot)
%summetric¼(maxplot/(nplot-1))*

ones(1,nplot)*pmetric'

if(iplot¼ ¼1)
print -dwin

end
nstop95¼1
nstop90¼1
for i¼1:nplot
% cumplot(i)¼(maxplot/(nplot-1))*

ones(1,i)*pmetric(1:i)';
if cumplot(i)>.90 & nstop90 > 0
cum90 ¼ xmetric(i);
nstop90¼0

end
if cumplot(i)>.95 & nstop95 > 0
cum95¼xmetric(i);
nstop95¼0

end
end

iplot¼1
plot(xmetric,cumplot)
title('cumulative distribution of
ratio')
text(10,.5,['90% is at 'num2str

(cum90)])
text(10,.4,['95% is at 'num2str

(cum95)])

if(iplot¼ ¼1)
print -dwin

end
%distribution of chi^2/d.f. when mean is
not unity
function y¼chidf(x)
global degfree
global mean
n¼degfree;
n2¼n/2;
n2m¼n2-1;
u¼degfree*x/mean;
y¼(n/mean)* (1/((2^n2)*gamma(n2)))*
u.^n2m.*exp(-u/2);
end
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